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Problem 3: Diffraction

Determine the ratio between the intensities of the central maxima in the
a. | diffraction patterns for two slits of width a and b respectively if they are | 1 point
illuminated with the same beam of coherent monochromatic light.

Consider a diffraction grating made up of a sequence of identical equidistant slits.

What relationship exists between the intensities of the main maxima of the 1s
order obtained with the help of two complementary diffraction gratings (both
having the same constant /, the distance between the center of one slit and the
center of the adjacent slit), and slit widths a and respectively [-a)? It is considered
that the diffraction gratings are illuminated with the same beam of coherent
monochromatic light.

1 point

Prove that in the case of a diffraction grating made up of a sequence of identical
and equidistant slits, the intensity of the diffracted light, lu, is not more than a
quarter of the intensity of the light incident on the grating. What is the condition 25

for lug=Iinc/4, such that the brightness of the grating is maximized? (where liris | points
the intensity of the diffracted light in all maxima, except the maximum of order

Z€ero).

The gratings with a better brightness, i.e. Lir > linc/4, are the blazed (reflection) gratings, in which
the plane of the individual grooves makes an angle a with the grating plane P1iP-. (see figure).

-7 |

Determine this angle for a grating with n = 2000 grooves/mm which forms the

d. | 1#t order maximum in the direction of the incident beam for the wavelength | 1 point
Ao = 500 nm and this maximum is the brightest from the diffraction pattern.

The grating from (d) is used in a monochromator in which the diffraction spectrum is projected
onto the exit slit with a concave mirror having the radius of curvature R = 1 m.

Determine the spectral width A4 and the coherence length of the beam that
comes out of the monochromator if it is illuminated with white light, the slit has 3

® | the width d = 20 um, and the central wavelength is 4; = 500 nm. Calculate their | points
numerical values.
What is the minimum spectral range between two monochromatic radiations

¢ that can still be resolved using the grating from (d). The grating is 10 cm long 1.5

and the spectrum is projected with the mirror from point (e). onto a CCD | points
detector having 200 pixels/mm.

Note. The normal incidence on the slits and gratings is considered only for a., b., c. Diffraction in parallel
light is considered.
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Solution:

a. The distribution of the electric field intensity, depending on the diffraction angle 9, is given by
the relation (Fraunhofer type diffraction):

E(H) _ J'Cei(wt—kxsin dx
0

(0.2pt)
where Kk is the modulus of the wave vector. The light intensity distribution is in this case:

) . ,[sin(kasin@/2) T’
1(6) = E(0)E 9:(:025'”(—} 0.4pt
(0)=E(O)E"(0) a[ \asing]2 (0.4pt)
which results in;
l,, @
0b

b. The diffraction patterns, given as the eletric field, for the two grattings are:

ml+a

ra)= Y [ ot
m ml
and
mil+l

Ei-a(8) = Zm [y, Cel@ 7m0 (0.2pt)

respectively.

Adding the two field distributions, we get the field distribution as if there was no aperture:
_ _ (0 geometric shadow

Ea(e) + El—a(e) - Eincident(g) - {Eo incidennt direction (O-Zpt)

The main maxima of the 1st order are formed in the geometric shadow and therefore:

Eq1y + Ei—ay =0 => Eq) = —E—aq) (0.3pt)
and
laty = EaqyEa(1y = Ei—ayEi-aq) = li-aq) (0.3pt)

The two gratings with slits of width a and I-a will have lgita= ldif1-a and therefore the main
maxima of the 1st order will have equal intensity (This follows from the Babinet principle. i.e.
According to the Babinet principle for complementary apertures, the light intensity distribution
in the geometric shadow is the same.)

c. We also consider the complementary grating (see point b,) illuminated with the same incident
beam. In this situation we have the following relationships:

1.14. =14 .. Qiven the Babinet principle. (0.4pt)
2. 1,,/a% =1,,, /(1-a)* for the in the intensity in the Oth order.  (0.4pt)
a
Id'rf at IOa = T Iincident
3. (0.6pt)
|-a
Liif 12 + lora = T Lincident

From 1., 2., 3., we get :

a(l-a
L2 = % Licicert (0.6pt)
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The maximum occurs for a=1/2 which leads to lgit max=1/4*lincident. (0.2+0.3pt)

This grating is a pure amplitude grating, which causes the diffraction maximum corresponding to
a slit to overlap with the main maximum of order 0.

d. To avoid this problem, the grating must cause a periodic variation of the phase of the incident
wave (phase gratings). In practice, reflection gratings are mainly used, the surface of their
features is inclined to the plane of the grating, i.e. "blazed gratings".

sini + sina = nm4, (0.4pt)
For m=1 and i=a (maximum intensity) we obtain:
2sina = ni, (0.4pt)
a = 30° (0.2pt) .
e. The width of the spectral range A is:
AN = (DflIR) = 2dcosa/Rn (0.4pt)
2
AA=0.17 A. (0.2pt)

Coherence length=optical path difference for which the interference fringes are no longer
observed:

Intensity distribution in a two-beam interferometer illuminated with radiation from the spectral
range [Ao-AM2; ho+AM2] and [vo-AvI2; vo+Av/2] respectively is:

vo+Av/2 _2mv vo+Av/2
I, 2mv I, sin——L
I = f 2—(1+cos—L)dv= — v+ —
Av c Av 2_7TL
vo—Av/2 c vo—Av/2
inAv,
I1=21, <1 + Sl:A,fL cos 2 L> (1pt)
Finge visbility:
AV
V _ Imax— Imin _ |SmTL| (0 6 t)
h Inaxt Imin - 1;1}L ' p

Where L is the optical path difference corresponding to the interfering waves. The first
disappearance of the fringes is obtained given the following condition:

AV c

V=0 — TLC = — L,= ™ (O4pt)
_ 1
L= AL (O-Zpt)
Lc=1.5cm (0.2pt)
f. The resolution power for the 1% order:
P=2=N=nL=200000 (0.4pt)

52
The smallest range that could be resolved by the grating is then 5,=0.025 A. (0.2pt)

From the point of view of the matrix detector, the minimum spectral range is limited by the
distance between two consecutive pixels 1 mm/ 200 pixels =5 um

SA' =2 % Sum x —= = 0.043 A (0.4pt)

Rn
A" =0.043 A (0.2pt)
Therefore, the minimum spectral range resolved by the spectrometer is 0.043 A. (0.3pt)




