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 Problem 2: Coffee - Flavored Physics 

The most popular coffee making device in Italy is the so-called moka pot 

(Fig. 1) and the purpose of this problem is to analyze some of the physical 

processes and phenomena taking place during the coffee brewing 

process. 

The moka pot has three independent structural elements, all made of 

aluminum: 

- the kettle (the lower part of the pot) in which the water is heated; the kettle 

has a safety pressure valve at its upper part (Figs. 1 and 2); 

- the funnel, which contains the ground coffee container (Fig. 2). Its tube is 

submerged into the water but does not touch the base of the kettle. The 

coffee container has a cylindrical shape with the inner diameter 𝑑 = 4.3 cm 

and the depth ℎ = 1.4 cm. The base of the container is a filter (a perforated 

Al disc, as can be seen in Figs. 2 and 3). When the container is filled with 

coffee, the coffee forms a plug acting as a porous filter for water; 

- the collector (the upper vessel of the pot) in which the water passing the 

coffee plug is collected (the liquid coffee). At its bottom there is a similar 

filter as in the funnel (a perforated Al plate), which touches the upper 

surface of the coffee plug (Fig.3). This filter is surrounded by a rubber 

gasket which seals the air pocket trapped above the water in the kettle, 

between the funnel and the kettle walls (Figs. 3 and 4). 

The moka pot is used as follows (Fig. 2): 

- water is poured into the kettle (not surpassing the 

safety valve); 

- the funnel is lowered into the kettle, closing its 

opening; 

- the funnel’s container is loaded with ground coffee; 

- the collector is screwed onto the kettle; 

- the pot is placed on a slow heater. 

One functioning cycle of the moka pot can be divided into 

two stages: 

A. The rise of the water temperature; 

B. The water transfer from the kettle to the collector, 

through the funnel. This stage ends with a gurgling 

sound made by the residual steam during its evacuation 

from the kettle.

Fig. 2 

Fig. 1 

Fig. 3 

Fig. 4 

Fig. 1 



 

/ 

A. Stage one: the rise of the water temperature (4.2 p) 

During this stage, no water flows from the kettle to the collector. This heating process can also be 

divided into two parts: 

a) as its temperature increases from 𝜃1 = 17.3 °C to 𝜃2 = 72.0 ℃, the water rises in the funnel and at 

𝜃2 = 72.0 ℃ the water touches the perforated disc at the bottom of the coffee plug from the funnel; 

b) as its temperature increases from 𝜃2 = 72.0 °C to 𝜃3 = 99.5 ℃, the water floods the coffee plug. At 

𝜃3 = 99.5 ℃ the water fills completely the ground 

coffee container. Some quantities of interest for water 

(density, pressure of saturated vapors, and dynamic 

viscosity coefficient) for the above temperatures are 

given in the adjacent table. 

The useful volume of the kettle (obtained from its total inner volume by subtracting the volume 

displaced by the walls of the funnel and the volume of the funnel’s container) is 𝑉0 = 84.2 ml. If this 

volume of water is poured into the kettle, the water touches the perforated disc of the funnel and 

there is no air pocket above the water (see Fig. 4). However, the water level in the kettle should be 

lower than the safety valve. In this problem, the water mass used for making coffee was 𝑚𝑤 = 60.0 g, 

which satisfies the above restriction. Also, during the coffee brewing process, for the specific data 

given in this problem, the safety pressure valve does not open. 

The atmospheric pressure when the experimental data were collected was 𝑝0 = 96.4 kPa. The air and 

the water vapors existent above the water in the kettle are considered ideal gases and the thermal 

dilatation of the pot is neglected throughout this problem. The water is considered permanently in 

dynamical equilibrium with its vapors because the heating process is a slow one. 

A.1 Water vapors (0.9 p) 

Above the water in the kettle, trapped between the wall of the funnel and that of the kettle, there is 

a fixed amount of air and a variable quantity of saturated water vapors – the so-called ”air pocket” 

in Fig. 4. Knowing that the mass of water vaporized during the heating process is negligible 

compared with the total mass of water, derive an expression for the mass of saturated water vapors 

(𝑚𝑠𝑣,2) in the air pocket at the temperature 𝜃2 = 72.0 °C and calculate its numerical value. The molar 

mass for water is 𝜇𝑤 = 18.0 g/mol, the ideal gas constant is 𝑅 = 8.32 J/(mol ∙ K).

Solution: 0.9 p 

The mass of saturated water vapors in the air pocket at the temperature 𝜃2 is 
𝑚𝑠𝑣,2 = 𝜌𝑠𝑣,2𝑉𝑎𝑖𝑟,2, 0.1 p 

where 

𝜌𝑠𝑣,2 =
𝑝𝑠𝑣,2𝜇𝑤

𝑅𝑇2
   

(𝜌𝑠𝑣,2 = 0.213 
kg

m3
) 

 

0.2 p 

and the volume occupied by air at 𝜃2 = 72.0 °C is 
𝑉𝑎𝑖𝑟,2 = 𝑉0 − 𝑉𝑤2, 0.1 p 

where 

𝑉𝑤2 =
𝑚𝑤

𝜌𝑤2
 

(𝑉𝑤2 = 61.4 cm3 and 𝑉𝑎𝑖𝑟,2 = 22.8 cm3), 

because the mass of water vaporized in this process is negligible compared with the total 

mass of water. 

 

0.1 p 

Hence,  

𝜃/°C 𝜌𝑤/
kg

m3
 𝑝𝑠𝑣/kPa 𝜂/10−4 Pa ∙ s 

17.3 999 1.98 10.7 

72.0 977 34.0 3.92 

99.5 959 99.6 2.83 
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𝑚𝑠𝑣,2 =
𝑝𝑠𝑣,2𝜇𝑤

𝑅𝑇2
(𝑉0 −

𝑚𝑤

𝜌𝑤2
) , 

0.2 p 

having the numerical value 

𝑚𝑠𝑣,2 = 4.86 ∙ 10−3 g , 

which is, indeed, negligible compared to the mass of water. 

0.2 p 

A.2 The initial volume of the air pocket (0.8 p) 

When the water temperature reaches 𝜃2 = 72.0 °C, the level difference between the water in the 

funnel and that in the kettle is ∆ℎ = 12.1 mm. Derive an expression for the volume of the air pocket 

(𝑉𝑎𝑖𝑟,1) in the initial state (at 𝜃 = 𝜃1) and calculate its numerical value. The gravitational acceleration 

is 𝑔 = 9.81 m/s2. 

Solution: 0.8 p 

The air pocket volume at the beginning of the heating stage can be obtained from the 

general transformation equation of an ideal gas 
𝑝𝑎𝑖𝑟,1𝑉𝑎𝑖𝑟,1

𝑇1
=

𝑝𝑎𝑖𝑟,2𝑉𝑎𝑖𝑟,2

𝑇2
, 

hence 

𝑉𝑎𝑖𝑟,1 =
𝑝𝑎𝑖𝑟,2

𝑝𝑎𝑖𝑟,1

𝑇1

𝑇2
𝑉𝑎𝑖𝑟,2. 

 

 

 

 

 

0.2 p 

Initially, the pressure in the air pocket (air and air vapor mixture) is the atmospheric 

pressure, so 
𝑝𝑎𝑖𝑟1 = 𝑝𝑎𝑖𝑟(𝑇1) = 𝑝0 − 𝑝𝑠𝑣,1    

(𝑝𝑎𝑖𝑟1 = 96.4 kPa − 1.98 kPa = 94.4 kPa). 

 

 

0.1 p 

In the state 2, 
𝑝𝑎𝑖𝑟2 = 𝑝𝑎𝑖𝑟(𝑇2) = (𝑝0 + 𝜌𝑤2𝑔∆ℎ) − 𝑝𝑠𝑣,2      

(𝑝𝑎𝑖𝑟2 = (96.4 kPa + 116 Pa) − 34.0 kPa = 62.5 kPa). 

 

0.1 p 

Hence 

𝑉𝑎𝑖𝑟,1 =
𝑝0 + 𝜌𝑤2𝑔∆ℎ − 𝑝𝑠𝑣,2

𝑝0 − 𝑝𝑠𝑣,1

𝑇1

𝑇2
(𝑉0 −

𝑚𝑤

𝜌𝑤2
)  

 

 

0.2 p 

and its numerical value is 

𝑉𝑎𝑖𝑟,1 =
62.5

94.4
×

290.45

345.15
× 22.8 cm3 = 12.7 cm3 . 

 

0.2 p 

A.3 The internal energy variation (1.4 p) 

Determine a mathematical expression for the internal energy variation of the air trapped in the air 

pocket (∆𝑈𝑎𝑖𝑟/𝑎𝑖𝑟 𝑝𝑜𝑐𝑘𝑒𝑡), as well as for that of the air in the collector (∆𝑈𝑎𝑖𝑟/𝑐𝑜𝑙𝑙𝑒𝑐𝑡𝑜𝑟), during the 𝜃1 →

𝜃2 heating process, and calculate their numerical values. The average specific heat of air at constant 

volume for the temperature range of interest is 𝑐𝑉 = 719 J/(kg ∙ K) and the molar mass of air is 𝜇𝑎𝑖𝑟 =

29.0 g/mol.
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Solution: 1.4 p 

In the kettle: 

The air pocket is a closed system. The mass of air is 

𝑚𝑎𝑖𝑟 =
𝑝𝑎𝑖𝑟,1𝑉𝑎𝑖𝑟,1𝜇𝑎𝑖𝑟

𝑅𝑇1
 

(𝑚𝑎𝑖𝑟 = 1.44 ∙ 10−5 kg), 

 

 

0.2 p 

so, the internal energy variation is 

∆𝑈𝑎𝑖𝑟/𝑎𝑖𝑟𝑝𝑜𝑐𝑘𝑒𝑡 = 𝑚𝑎𝑖𝑟𝑐𝑉(𝑇2 − 𝑇1) , 

 

0.2 p 

having the numerical value 

∆𝑈𝑎𝑖𝑟/𝑎𝑖𝑟𝑝𝑜𝑐𝑘𝑒𝑡 = 0.566 J . 0.2 p 

In the collector: 

Because the collector is not sealed, the air volume is an open system, so, at any 

temperature, the Clapeyron-Mendeleev equation is 
𝑝0𝑉𝑐𝑜𝑙𝑙𝑒𝑐𝑡𝑜𝑟 = 𝑛𝑅𝑇, 

because the air in the collector is permanently at atmospheric pressure. Since 𝑉𝑐𝑜𝑙𝑙𝑒𝑐𝑡𝑜𝑟 is 

also constant, under the assumption that the thermal dilatation of the pot is neglected, 

then, at any temperature we will have 
𝑛𝑇 = 𝑐𝑜𝑛𝑠𝑡. 0.3 p 

The internal energy variation of the air from the collector is 
∆𝑈𝑎𝑖𝑟/𝑐𝑜𝑙𝑙𝑒𝑐𝑡𝑜𝑟 = 𝑈𝑎𝑖𝑟/𝑐𝑜𝑙𝑙𝑒𝑐𝑡𝑜𝑟,2 − 𝑈𝑎𝑖𝑟/𝑐𝑜𝑙𝑙𝑒𝑐𝑡𝑜𝑟,1 = (𝑛2𝐶𝑉𝑇2 + 𝑈0) − (𝑛1𝐶𝑉𝑇1 + 𝑈0), 

 

0.2 p 

so 

∆𝑈𝑎𝑖𝑟/𝑐𝑜𝑙𝑙𝑒𝑐𝑡𝑜𝑟 = 𝐶𝑉(𝑛2𝑇2 − 𝑛1𝑇1) , 

 

0.2 p 

having the numerical value 

∆𝑈𝑎𝑖𝑟/𝑐𝑜𝑙𝑙𝑒𝑐𝑡𝑜𝑟 = 0 J . 

 

0.1 p 

A.4 The pressure in the air pocket at the end of stage one (1.1 p) 

As the temperature rises from 𝜃2 = 72.0 °C to 𝜃3 = 99.5 °C, the water is flooding the coffee plug 

which fills the container of the funnel. The coffee plug has the mass 𝑚𝑐 = 6.0 g and the density of 

compacted coffee is 𝜌𝑐 = 1190 kg/m3. At 𝜃3 = 99.5 °C the water fills completely the container and 

this is the end of stage one of coffee brewing. Derive an expression for the pressure 𝑝3 above the 

water in the kettle at 𝜃3 = 99.5 °C and calculate its numerical value. For the purpose of this task, 

neglect the solubility of any coffee component in water, as well as the mass of the water vapors with 

respect to the total mass of water.

Solution: 1.1 p 

The pressure above the water in the kettle is 
𝑝3 = 𝑝𝑎𝑖𝑟,3 + 𝑝𝑠𝑣,3, 

 

0.1 p 

where 

𝑝𝑎𝑖𝑟,3 =
𝑇3

𝑇2

𝑉𝑎𝑖𝑟,2

𝑉𝑎𝑖𝑟,3
𝑝𝑎𝑖𝑟,2. 

(𝑝𝑎𝑖𝑟,3 = 41.6 kPa ≅ 42 kPa). 

 

0.2 p 

The air volume trapped in the kettle at 𝑇3 = 372,65 K is 

𝑉𝑎𝑖𝑟,3 = 𝑉0 − (𝑉𝑤3 − 𝑉𝑓), 

 

0.1 p 

where the water volume is 

𝑉𝑤3 =
𝑚𝑤

𝜌𝑤3
 

(𝑉𝑤3 = 62.6 cm3) 

 

0.1 p 

and the container volume flooded by water is  

0.2 p 
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𝑉𝑓 =
𝜋𝑑2ℎ

4
−

𝑚𝑐

𝜌𝑐
. 

(𝑉𝑓 = 20 cm3 − 5,0 cm3 = 15.0 cm3 ≅ 15 cm3 and 𝑉𝑎𝑖𝑟,3 = 36.6 cm3 ≅ 37 cm3). 

So, 

𝑝3 =
𝑇3

𝑇2

𝑉0 −
𝑚𝑤
𝜌𝑤2

𝑉0 −
𝑚𝑤
𝜌𝑤3

+
𝜋𝑑2ℎ

4
−

𝑚𝑐
𝜌𝑐

(𝑝0 + 𝜌𝑤2𝑔∆ℎ − 𝑝𝑠𝑣,2) + 𝑝𝑠𝑣,3 , 

 

 

0.2 p 

its numerical value being 

𝑝3 = 42 kPa + 99.6 kPa = 141.6 kPa ≅ 1.4 ∙ 102 kPa . 

 

0.2 p 

B. Stage two: the rise of the water in the collector (5.8 p) 

This process takes place at the constant temperature 𝜃 = 𝜃3. The water starts flowing through the 

filter once the container of the funnel is filled with water and the driver of this process is the pressure 

difference at the ends of the filter. After the water is transferred to the collector, this second stage of 

functioning of the moka pot is over. The well-known gurgling sound signals that the coffee brewing 

is finished. 

B.1 The filtration law (0.7 p) 

When the container of the funnel is loaded with ground coffee, the coffee plug (together with the 

bordering perforated Al discs) will act as a cylindrical filter, the properties of which will depend on 

the dimensions of the coffee grains and the compactness of the coffee plug. The filtration law gives 

the relationship between the volume flow rate 𝑄 of water through the filter and the pressure 

difference ∆𝑝 on its faces and is similar with Ohm’s law in electricity. The hydrodynamic resistance 

of the filter ℛℎ, similarly to its counterpart in electricity, depends on the area 𝑆 of the plug’s 

transversal section, its height ℎ, but it also depends on the dynamic viscosity coefficient 𝜂 of water 

and on the so-called filtration coefficient, 𝑘, also known as the permeability of the filter. Knowing 

that the filtration coefficient has the dimension of an area and that the measurement unit for 𝜂 in SI 

is Pa ∙ s, derive an expression for ℛℎ, as a function of 𝑆, ℎ, 𝑘 and 𝜂, using dimensional analysis. 

Consider any numeric coefficient equal to one.

Solution: 0.7 p 

The filtration law is 
∆𝑝 = 𝑄 ∙ ℛℎ 

 

0.2 p 

and 

ℛℎ = 𝑓(𝜂, 𝑘)
ℎ

𝑆
, 

because, in electricity, the electric resistance can be written as 

𝑅 = 𝜌
𝑙

𝑆
, 

where 𝜌 is the electric resistivity of the given resistor. 

 

0.2 p 

Then, using dimensional analysis, it follows that 

ℛℎ = 𝐶𝜂𝛼𝑘𝛽ℎ𝑆−1, 

with 
𝐶 = 1, 

as stated in the text. 

 

0.1 p 

According to the details in the following table, giving the physical quantities, their 

measurement units in SI and their dimensions 
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X ℛℎ 𝑆 ℎ 𝜂 𝑘 

〈𝑋〉SI Pa ∙
s

m3
=

kg

m4s
 m2 m Pa ∙ s =

kg

m ∙ s
 m2 

[𝑋] L−4MT−1 L2 L L−1MT−1 L2 

the dimensional equation will be: 

 L−4MT−1 = (L−1MT−1)𝛼L2𝛽L ∙ L−2, 

or, equating the exponents, 

{
𝛼 = 1

𝛽 = −1
, 

hence 

ℛℎ =
𝜂ℎ

𝑘𝑆
. 

 

 

 

 

 

 

 

 

 

 

 

 

 

0.2 p 

B.2 Time evolution of air pressure in the air pocket (1.4 p) 

Derive the variation law for the pressure of the air in the air pocket during the second stage of the 

functioning cycle of the moka pot, as a function of time, 𝑝𝑎𝑖𝑟(𝑡). For simplicity, consider that the 

hydrodynamic resistance of the filter is constant during this stage.

Solution: 1.4 p 

The water flowing equation is 
𝑝𝑎𝑖𝑟 + 𝑝𝑠𝑣,3 − 𝑝0 = ℛℎ𝑄. 

 

0.1 p 

Denoting 
𝑎 = 𝑝𝑠𝑣,3 − 𝑝0 = 3.2 kPa, 

the above equation can be written as 

𝑝𝑎𝑖𝑟 + 𝑎 = −ℛℎ

𝑑𝑉

𝑑𝑡
, 

because the water volume in the kettle decreases in time. 

 

 

 

0.2 p 

 

The second stage is, essentially, an isothermal process at 𝑇3 = 372.65 𝐾, for which the air 

volume is 

𝑉0 − 𝑉 =
𝑝𝑎𝑖𝑟3𝑉𝑎𝑖𝑟3

𝑝𝑎𝑖𝑟
, 

where 𝑉 is the volume occupied by water at that instant. 

 

 

0.2 p 

Hence 

−
𝑑𝑉

𝑑𝑡
= −

𝑝𝑎𝑖𝑟3𝑉𝑎𝑖𝑟3

𝑝𝑎𝑖𝑟
2

𝑑𝑝𝑎𝑖𝑟

𝑑𝑡
, 

 

0.1 p 

which gives 

𝑝𝑎𝑖𝑟 + 𝑎 = −ℛℎ

𝑝𝑎𝑖𝑟3𝑉𝑎𝑖𝑟3

𝑝𝑎𝑖𝑟
2

𝑑𝑝𝑎𝑖𝑟

𝑑𝑡
. 

 

0.2 p 

After separating the variables, we get 
𝑑𝑝𝑎𝑖𝑟

𝑝𝑎𝑖𝑟
2 (𝑝𝑎𝑖𝑟 + 𝑎)

= −
𝑑𝑡

ℛℎ𝑝𝑎𝑖𝑟3𝑉𝑎𝑖𝑟3
. 

Using the integral given at the end of the text, it follows that 
1

𝑎2 [𝑙𝑛 (1 +
𝑎

𝑝𝑎𝑖𝑟
) −

𝑎

𝑝𝑎𝑖𝑟
] = −

𝑡

ℛℎ𝑝𝑎𝑖𝑟3𝑉𝑎𝑖𝑟3
+ 𝒞. 

 

 

 

 

0.2 p 



 

/ 

Since 𝑎 = 3.2 kPa and 𝑝𝑎𝑖𝑟 varies between 𝑝𝑎𝑖𝑟3 = 42 kPa and 𝑝𝑎𝑖𝑟4 =
𝑝𝑎𝑖𝑟3𝑉𝑎𝑖𝑟3

𝑉0
= 18.5 kPa ≅

19 kPa, this means that the ratio 
𝑎

𝑝𝑎𝑖𝑟
 varies between 0.076 and 0.17. Consequently, the 

logarithm function can be approximated as suggested at the end of the text 

ln(1 + 𝑥) ≅ 𝑥 −
𝑥2

2
, for 𝑥 < 0.177, 

so, the above equation can be written as 
1

2𝑝𝑎𝑖𝑟
2 =

𝑡

ℛℎ𝑝𝑎𝑖𝑟3𝑉𝑎𝑖𝑟3
− 𝒞. 

 

 

 

 

 

 

 

0.1 p 

The integration constant can be determined considering that at 𝑡 = 0 →  𝑝𝑎𝑖𝑟 = 𝑝𝑎𝑖𝑟3, so 

𝒞 = −
1

2𝑝𝑎𝑖𝑟3
2 . 

 

 

0.1 p 

As a result, 

𝑝𝑎𝑖𝑟(𝑡) = 𝑝𝑎𝑖𝑟3 (1 +
2𝑝𝑎𝑖𝑟3𝑡

ℛℎ𝑉𝑎𝑖𝑟3
)

−1/2

. 

 

 

0.2 p 

B.3 The hydrodynamic resistance of the filter filled with coffee (0.7 p) 

When the container is filled with ground coffee, the water passage through the filter takes the time 

τ𝑐 = 54 s. Derive an expression for the hydrodynamic resistance of the filter filled with ground 

coffee (ℛℎ) and calculate its numerical value. 

Solution: 0.7 p 

At the end of the stage two, the air pressure in the kettle is 𝑝𝑎𝑖𝑟4 (with the numerical value 

given above), so 

ℛℎ =
2𝑝𝑎𝑖𝑟3𝜏𝑐

𝑉𝑎𝑖𝑟3 [(
𝑝𝑎𝑖𝑟3
𝑝𝑎𝑖𝑟4

)
2

− 1]
. 

 

 

0.1 p 

 

Since 

𝑝𝑎𝑖𝑟4 =
𝑝𝑎𝑖𝑟3𝑉𝑎𝑖𝑟3

𝑉0
, 

 

0.2 p 

then 

ℛℎ =
2𝑝𝑎𝑖𝑟3𝜏𝑐

𝑉𝑎𝑖𝑟3 [(
𝑉0

𝑉𝑎𝑖𝑟3
)

2

− 1]

. 

 

 

0.2 p 

Its numerical value is 

ℛℎ = 2.9 ∙ 1010 Pa ∙ s ∙ m−3 . 

 

0.2 p 

B.4 The filtration coefficient of the coffee plug (1.2 p) 

When the funnel’s container is empty, the passage time of the same quantity of water through this 

filter is τ0 = 17 s and the water transfer through the funnel takes place at the same temperature as 

in the presence of the coffee plug. Derive an expression for the filtration coefficient of coffee (𝑘) and 

calculate its numerical value. Assume that the water reaches the base of the funnel’s container at the 

same temperature as above, even if the coffee plug is absent. When the coffee plug is in the container, 

consider that all the water passing the filter goes through coffee.

Solution: 1.2 p 

From the text, states 1 and 2 are the same, while the state 3 becomes 3’, characterized by 
𝑉𝑎𝑖𝑟,3

′ = 𝑉0 − (𝑉𝑤3 − 𝑉𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑒𝑟) = 84.2 ml − 62.5 ml + 20 ml = 41.7 ml ≅ 42 ml. 
 

0.1 p 

and 
𝑝3

′ = 𝑝𝑎𝑖𝑟,3
′ + 𝑝𝑠𝑣,3, 

 

 



 

/ 

where 

𝑝𝑎𝑖𝑟,3
′ =

𝑇3

𝑇2

𝑉𝑎𝑖𝑟,2

𝑉𝑎𝑖𝑟,3
′ 𝑝𝑎𝑖𝑟,2 = 37 kPa. 

So 
𝑝3

′ = 37 kPa + 99,6 kPa = 136.6 kPa ≅ 1.4 ∙ 102 kPa. 

Since the transformation 3 → 4, respectively 3’ → 4’ are isothermal, for the same quantity 

of air, at the same temperature, and with the same final volume, it means that 
𝑝𝑎𝑖𝑟4

′ = 𝑝𝑎𝑖𝑟4 = 19 kPa. 

 

0.2 p 

Then 

ℛℎ0 =
2𝑝𝑎𝑖𝑟3

′ 𝜏0

𝑉𝑎𝑖𝑟,3
′ [(

𝑉0

𝑉𝑎𝑖𝑟,3
′ )

2

− 1]

, 

 

0.1 p 

having the numerical value 
ℛℎ0 = 9.9 ∙ 109 Pa ∙ s ∙ m−3. 

 

0.1 p 

Because 
𝑅ℎ = 𝑅ℎ0 + 𝑅ℎ,𝑐𝑜𝑓𝑓𝑒𝑒 , 

 

0.2 p 

then 
𝑅ℎ,𝑐𝑜𝑓𝑓𝑒𝑒 = 1.9 ∙ 1010 Pa ∙ s ∙ m−3. 

 

0.1 p 

Finally, the filtration coefficient of the used coffee is 

𝑘 =
𝜂ℎ

𝑅ℎ,𝑐𝑜𝑓𝑓𝑒𝑒𝑆
=

4𝜂ℎ

𝜋𝑑2𝑅ℎ,𝑐𝑜𝑓𝑓𝑒𝑒
, 

 

0.2 p 

 

with the numerical value 

𝑘 = 1.4 ∙ 10−13 m2 . 

 

0.2 p 

B.5 The work done by the air pocket during the coffee filtration process (0.8 p) 

Derive an expression for the work done by the air (𝒲𝑎𝑖𝑟) from the air pocket, as well as for the work 

done by the water saturated vapors (𝒲𝑠𝑣) from the air pocket, respectively, on the water inside the 

kettle during the filtration process and calculate their numerical values. 

Solution: 0.8 p 

The work done by the air during its isothermal expansion is 

𝒲𝑎𝑖𝑟 = 𝑝𝑎𝑖𝑟3𝑉𝑎𝑖𝑟3𝑙𝑛
𝑉0

𝑉𝑎𝑖𝑟3
, 

 

 

0.2 p 

having the numerical value 

𝒲𝑎𝑖𝑟 = 1.3 J . 

 

0.2 p 

The work done by the saturated vapors is 

𝒲𝑠𝑣 = 𝑝𝑠𝑣,3∆𝑉 = 𝑝𝑠𝑣,3(𝑉0 − 𝑉𝑎𝑖𝑟3) , 

 

0.2 p 

with the numerical value 

𝒲𝑠𝑣 = 99.6 ∙ 103 Pa × 47 ∙ 10−6 m3 = 4.7 J . 

 

0.2 p 

B.6 The work done for circulating the water through the filter to produce coffee infusion (1.0 p) 

Derive an expression for the work done to pass the water from the kettle through the filter (𝒲𝑤) and 

calculate its numerical value.



 

/ 

Solution: 1.0 p 

The work done on the water to make it pass through the filter is 

𝒲𝑤 = ∫ 𝑃𝑑𝑡,
𝜏𝑐

0

 

 

0.2 p 

where 𝑃 is the power needed for passing the water through the filter 

𝑃 =
(∆𝑝)2

ℛℎ
=

(𝑝𝑎𝑖𝑟 + 𝑎)2

ℛℎ
=

𝑎2

ℛℎ
+ 2𝑎

𝑝𝑎𝑖𝑟

ℛℎ
+

𝑝𝑎𝑖𝑟
2

ℛℎ
. 

 

0.2 p 

Consequently, 

𝒲𝑤 =
𝑎2

ℛℎ
𝜏𝑐 +

2𝑎

ℛℎ
∫ 𝑝𝑎𝑖𝑟𝑑𝑡

𝜏𝑐

0

+
1

ℛℎ
∫ 𝑝𝑎𝑖𝑟

2 𝑑𝑡
𝜏𝑐

0

 

 

0.1 p 

and using the time evolution law for 𝑝𝑎𝑖𝑟, derived at B2, the work is 

𝒲𝑤 =
𝑎2

ℛℎ
𝜏𝑐 +

2𝑎𝑝𝑎𝑖𝑟3

ℛℎ
∫ (1 +

2𝑝𝑎𝑖𝑟3𝑡

ℛℎ𝑉𝑎𝑖𝑟3
)

−1/2

𝑑𝑡
𝜏𝑐

0

+
𝑝𝑎𝑖𝑟3

2

ℛℎ
∫

𝑑𝑡

1 +
2𝑝𝑎𝑖𝑟3𝑡
ℛℎ𝑉𝑎𝑖𝑟3

𝜏𝑐

0

. 

 

 

0.1 p 

Finally, using the integrals given at the end of the text, the work becomes 

𝒲𝑤 =
𝑎2

ℛℎ
𝜏𝑐 + 2𝑎𝑉𝑎𝑖𝑟3 (√1 +

2𝑝𝑎𝑖𝑟3𝜏𝑐

ℛℎ𝑉𝑎𝑖𝑟3
− 1) +

𝑝𝑎𝑖𝑟3𝑉𝑎𝑖𝑟3

2
𝑙𝑛 (1 +

2𝑝𝑎𝑖𝑟3𝜏𝑐

ℛℎ𝑉𝑎𝑖𝑟3
) . 

 

 

0.2 p 

Numerically, 

𝒲𝑤 = 1.9 ∙ 10−2 J + 0.30 J + 1.3 J = 1.6 J . 

 

0.2 p 

Note: If needed, you can use one of the following pieces of information: 

ln(1 + 𝑥) ≅ 𝑥 −
𝑥2

2
 

The relative error made for the above approximation is below 1% for 𝑥 < 0.177. 

∫
𝑑𝑥

𝑥2(𝑥 + 𝑎)
=

1

𝑎2 [𝑙𝑛 (1 +
𝑎

𝑥
) −

𝑎

𝑥
] + 𝒞 

∫
𝑑𝑥

√1 + 𝑎𝑥
=

2

𝑎
√1 + 𝑎𝑥 + 𝒞 

∫
𝑑𝑥

1 + 𝑎𝑥
=

1

𝑎
ln (1 + 𝑎𝑥) + 𝒞 
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